We show some new Sobolev's trace embedding that we apply to prove that the fourthorder nonlinear boundary conditions ∆ 2 p u + |u| p−2 u = 0 in Ω and −(∂/∂n)(|∆u| p−2 ∆u) = λρ|u| p−2 u on ∂Ω possess at least one nondecreasing sequence of positive eigenvalues.
Introduction and notations
Let Ω be a bounded domain of class C 2 in R, N ≥ 2,1 < p < +∞, and ρ ∈ L r (∂Ω) a weight function which can change its sign, with r = r(N, p) satisfying
(1.1)
We assume that |(∂Ω) + | = 0, where (∂Ω) + = {x ∈ ∂Ω, ρ(x) > 0} and λ ∈ R. We consider the following problem: (1.2) , where the eigenvalue appears at the nonlinear boundary condition. Other main objective of this work, formulated by Theorem 3.3, is to show that problem (1.2) has at least one nondecreasing sequence of positive eigenvalues (λ k ) k≥1 , by using some technical lemmas and the Ljusternick-Schnirelmann theory on C 1 -manifolds, see [9] . So we give a direct characterization of λ k involving a minimax argument over sets of genus greater than k.
We set
where
. This paper is organized as follows. In Section 2, we establish the Sobolev's trace embedding in the general case, that is, for any m ∈ N. In Section 3, we use a variational technique to prove the existence of a sequence of the positive eigenvalues of problem (1.2).
The Sobolev's trace embedding
We begin with the following definition and lemmas that will be helpful to prove the Sobolev's trace embedding.
Definition 2.1.
A domain Ω is of class C k if ∂Ω can be covered by bounded open sets Θ j such that there is a mapping f j : Θ j → B, where B is the unit ball centered at the origin and
(2.1)
. So, it suffices to prove the lemma for u ∈ C ∞ c (R N ). Thus,
Abdelouahed El Khalil et al. 1527 that is, 5) and there exists a positive constant depending only on p and N such that
So it suffices to prove the lemma for
and by using the Sobolev inequalities, see [6] ,
By Hölder and (2.8),
On the other hand, ∂w/∂x j = ±t|u (t−1) |(∂u/∂x j ). By Hölder and (2.8),
where c is a positive constant. Now, applying (2.9), (2.10), and Lemma 2.3, we find
there exists a positive constant c depending only on p and N such that
Proof. By applying Sobolev inequality [6] 
and there exists a positive constant c depending only on p, m, and Ω such that
Proof. There exists a continuous linear operator P that operates from W m,p (Ω) to W m,p (R N ), (cf. [1, 6] ), such that to every u element of W m,p (Ω) is associated an element P(u) ∈ W 2,p (R N ). By density, it is sufficient to study the properties of the trace on ∂Ω of the function C ∞ c (R N ). Let θ j and f j be as in the definition (2.2). ∂Ω is compact, therefore we can suppose that there exists a finite θ j , 1 ≤ j ≤ k, which covers ∂Ω. Let (P j , 1 ≤ j ≤ k) be a partition of unity of ∂Ω subordinate to this covering, see, for example, [1] where c j is a positive constant. We estimate the trace v j := w j o f j of the function P j u on 
By using Theorem 2.5, the next corollary follows exactly as in the classical compact Sobolev embedding established in [1, 6] . 
Corollary 2.6. Under the same hypotheses at the last theorem, W m,p (Ω) is compactly embedding in
. By ( * ) and ( * * ), we have the desired result. We will use the Ljusternick-Schnirelmann theory on C 1 -manifolds [9] . Consider the following two functionals defined on W 2,p (Ω):
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where u W 2,p (Ω) = ( u p + ∆u p ) 1/p . We set (ii) ᏹ = B −1 {1/ p}, so B is closed. Its derivative operator B satisfies B (u) = 0, for all u ∈ ᏹ (i.e., B (u) is onto for all u ∈ ᏹ), so B is a submersion, then ᏹ is a C 1 -manifolds.
The following lemma is the key to show the existence.
(
ii) The functional A satisfies the Palais-Smale condition on ᏹ, that is, for {u n } ⊂ ᏹ, if A(u n ) is bounded and
n := A u n − g n B u n −→ 0 as n −→ +∞, (3.4) where g n = A (u n ),u n / B (u n ),u n . Then {u n } n≥1 has a convergent subsequence in W 2,p (Ω).
Proof. (i)
Step 1 (definition of B ).
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Therefore,
Then it suffices that
and B is well defined.
. In this case, from Theorem 2.7,
for any q ∈ [1,+∞[. There is q ≥ 1 such that
We obtain that
By Hölder's inequality, we arrive at
for any u,v ∈ W 2,p (Ω). Then in this case, B is well defined. Third case. If N/ p < 2, r = 1. In this case, from Theorem 2.8,
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with ρ ∈ L 1 (Ω), and B is well defined also in this case.
Step 
